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Abstract 

In the standard brane world models, the bulk metric ansatz is usually assumed to be factorizable 
in brane and bulk coordinates. However, it is not self-evident that it is always possible to factorize the 
bulk metric. Using the gradient expansion scheme, which involves the expansion of bulk quantities 
in terms of the brane-to-bulk curvature ratio, as a perturbative parameter, we explicitly show that 
metric factorizability is a valid assumption upto second order in the perturbative expansion. We 
also argue from our result that the same should be true for all orders in the perturbation scheme. 
We further establish that the nonlocal terms present in the bulk gravitational field equation can 
be replaced by the radion field; the effective action on the brane thereby obtained resembles the 
Brans-Dicke theory of gravity. 


1 Introduction 

The conjecture of the existence of more than four spacetime dimensions has serious implications in high- 
energy physics. Such higher-dimensional spacetimes appear quite naturally in the context of string theory. 
There has recently been progress in this regime, especially for theories with extra spatial dimensions. 
The common perception for all these theories corresponds to the fact that gravity can access the whole 
of spacetime including the extra dimensions (together known as the bulk), while the standard model 
fields are localized on four-dimensional submanifold (known as the brane). One of the main motivations 
behind these models, has been to explain the large hierarchy between the Planck scale (Mp ~ 10 18 GeV) 
and the electroweak scale (mw ~ 10 2 GeV). 

First such model was proposed by Arkani-Hamed et al. [1,2]. In this model the extra dimensions 
were assumed to be large, such that the five-dimensional Planck scale differs from the four-dimensional 
Planck scale by a factor of the volume of these extra dimensions. Thus by assuming more than one extra 
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dimension and a large volume (though still within experimental bounds), the five-dimensional Planck 
scale can be brought down to the four-dimensional electroweak scale. However, in this case the extra 
dimensions are assumed to be flat. 

From the gravitational viewpoint it is more tempting to take the bulk geometry as warped, with the 
brane(s) as flat. This was first realized in a setup proposed by Randall and Sundrum (RS) [3], where two 
branes were held fixed at orbifold fixed points with S 1 jZz symmetry. Because of exponential warping 
the Planck scale in one brane (the Planck brane) was brought down to the electroweak scale in the 
other brane, known as the visible brane. Such a warped model was also extended to one brane with an 
infinitely extended bulk [4]. In this work, however, we focus on the two branes warped geometry model. 

The separation between the branes in the RS model may not be constant and needs to be stabilized. 
Such a stabilization mechanism was proposed in [5,6], while the stabilization for a time-dependent 
scenario was discussed in [7]. The particle phenomenology of various matter fields in this scenario was 
discussed in [8-13], with interesting consequences. Recently, these ideas have also been put forward in 
the context of various alternative gravity theories [14-19] . 

All these results depend on a crucial fact, the factorizability of metric ansatz. However, there are 
objections against this assumption of factorizability; further, it is also not self evident, why the metric 
ansatz should be factorizable [20]. In this work, we have tried to address this issue using low-energy 
effective action obtained by solving the bulk equations. The bulk equations in general are not exactly 
solvable; a convenient way to handle the situation at low energy is to expand the bulk variables in terms of 
the ratio of four-dimensional curvature to bulk curvature. This method, known as the gradient expansion 
method was developed by Kanno and Soda [21-24]. In [25] the gradient expansion method has been used 
up to first order to show that the factorizable metric ansatz is valid up to linear in this perturbative 
expansion. In this work we obtain the second-order correction to the metric in this gradient expansion 
scheme, which leads to the effective action up to second order. This also exhibits the factorizable nature, 
which in turn enables us to generalize our result to include higher-order corrections. We conclude that 
at any order the metric is factorizable; thus, factorizability of the metric is a valid assumption. 

Along with the issue of factorizability of the metric ansatz, we also address the equivalence of this bulk- 
brane system with the scalar-tensor or Brans-Dicke theory of gravity. The solutions to bulk equations 
intrinsically inherit nonlocal terms which, as we have argued, can be traded off through the radion held. 
This equivalence was shown earlier in [23] for first-order perturbative corrections through the gradient 
expansion method. We have reformulated the previous method and show explicitly that up to second 
order of perturbative expansion, when the nonlocal terms are eliminated, the held equation on the brane 
becomes local and equivalent to that of the Brans-Dicke theory of gravity. We also argue that this result 
can be generalized to arbitrary higher orders in the perturbative expansion. The same assertion also 
follows from the effective action; i.e., the effective action can be written explicitly in the Brans-Dicke 
form. 

The paper is organized as follows: In Sec. 2 we review the gradient expansion method and evaluate 
the second-order correction to the bulk metric. Then, in Sec. 3 we use the bulk metric in order to 
determine the effective action and the equation of motion it corresponds to. Along with these, we also 
present the criteria for obtaining the second-order field equation from this effective action. Finally, in 
Sec. 4 we establish the equivalence of this bulk-brane system with the Brans-Dicke theory of gravity. We 
then conclude with a short discussion of our results. 

In this work we will set c and h to unity. The Latin indices a, 6,... run over the full spacetime, 
while Greek indices fi, u,... represent the brane coordinates. The metric signature is taken to be 
( — > +> +> +) +> +)• 
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2 Gradient Expansion and Higher Order Terms 

The metric ansatz for the five-dimensional spacetime is taken in Gaussian normal coordinates, where we 
denote the brane coordinates by x M and the bulk coordinate by y such that 

ds 2 = h /JjU (y : x fJ, )dx IJ 'dx L ' + dy 2 . (1) 

Thus, the metric in general is not taken as factorizable. The branes are assumed to be moving in the 
coordinate chart where they are placed at 


y = (j)+(x> 1 ); y = 


( 2 ) 


and in the literature they are often quoted as moduli fields. In order to determine the brane geometry 
we need to solve the bulk equations. The form of the metric ansatz suggests that the extrinsic curvature 
on y = constant hypersurface can be found through its decomposition into traceless and trace part as 


^ _ 1 dh^ 

■h / ;.?y - 


Rl iu — E^ T | h j.iu A""; 


K = - 


d In \J—h 


2 dy ’ ^ 4 ’ dy 

Using these properties of extrinsic curvature in the bulk equations lead to the equations [21-24] 


(3) 




Ryv(h) 


4 hyu 


R(h ) 



S a/3 E a/3 = R(h) + p 

- -SJ.K = 0 , 


(4) 

(5) 

( 6 ) 


where the covariant derivatives are with respect to the metric h and all the curvature components, 
i.e., Ricci tensor and Ricci scalar, are to be determined using h llv . In general we should first solve Eq. (4) 
and integrate over y to get E^, and then we may solve for K from Eq. (5) to get R^, which finally 
can be integrated to obtain h tlu . However as the curvature components depend on this procedure 
cannot in general be implemented. This poses a serious problem; this can be bypassed by observing that 
we are seeking a low-energy effective theory, where the brane matter energy density can be assumed to 
be much smaller compared to the bulk cosmological constant. This implies that the four-dimensional 
curvature is much smaller compared to the five-dimensional one and the gradient expansion scheme can 
be applicable [21-24], 

At zeroth order, the curvature terms can be neglected in comparison to the extrinsic curvature terms. 
Being isotropic at this order, the anisotropic term E^^ vanishes. Then, the metric at zeroth order is 
hyu = a 2 (y)gy,v{x), with the standard warp factor a(y) = e~ y R. This iteration scheme helps to write the 
metric h^ as a sum of tensors constructed from g^. Thus the metric has the form of a perturbative 
series expansion, 

= a 2 (y) [g^(x) + f^{y,x) +q^(y,x) H-]; a{y) = e~ v/i . (7) 


where fy,v(y,x) corresponds to leading-order correction, and q^ represents the second-order correction. 
After calculating second-order corrections a pattern will emerge from which the effective action can be 
determined at all orders. We will elaborate on this at a later stage. 
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In a similar manner, we can expand both the extrinsic curvature and the trace-free part as 


K = \k + + ••■ 

(8) 

E£ = 0 + EW" + £(, 2 K 

(9) 


In the above expansion, objects with superscript (1) denote first-order corrections, while those with 
superscript (2) denote second-order corrections, and so on. We briefly discuss the first-order formulation, 
leading to a possible solution for / MJ/ , then we shall elaborate on the second-order calculation in order to 
obtain the tensor q^. These will be used later to get the effective action. 


2.1 First Order 

The first-order equations are obtained by considering terms in which K and si 1 ^ appear once in the 
expressions. For example, K 2 = (16/f 2 ) + (8 /£)K^\ where we have used the result that at zeroth order 
K 1 ' 0 ' 1 = (4 /£). Similar considerations apply to as well, with the fact that at zeroth order it vanishes. 
Thus, the bulk equations at first order take the forms [21-24] 


= - 


Ri 1)fl (h) - -6£RW(h) 


]K^ = R^\h) 


V " S (iV-i V ^ (1) = 0. 


( 10 ) 

( 11 ) 

( 12 ) 


Here, the covariant derivatives are with respect to the metric g^, and R^\h) imply the Ricci scalar 
calculated using a 2 (y)g /1u . Similar conclusions can be reached for the Ricci tensor as well. For this 
reason, we will henceforth provide the curvature components with respect to the metric g only, with 
a 2 (y ) taken out. This reduces the first-order equation (11) to the form 


RT (1) 



(13) 


Similarly, integrating over y in Eq. (10) leads to the first-order traceless part of the extrinsic curvature 
as 


4 1V = ^2 faff) - \%R{9)) + 
= 0 , = 0 , 


(14) 

(15) 


where in Eq. (14) \ v is an arbitrary constant of integration, which, due to the traceless property of 
and Eq. (12), satisfies the last two relations in Eq. (15). From now on we will drop the argument 
of curvature components for notational convenience; every curvature component will be assumed to be 
constructed from g Ml/ . Then, from given in Eq. (14) and R^ 1 ' provided in Eq. (13), we can construct 
this, after integration over y coordinate, leads to the corrected metric up to first order as 






2^Xpv{x)+Cp V {x). 
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(16) 




Here is a constant of integration. Using this, the first-order corrected metric h^ turns out to have 
the following expression: 


= a 2 (y) 


(17) 


As an aside we would like to point out a particular situation in which case one of the arbitrary constants 
can be obtained uniquely and our result reduces to that derived in [22] . This condition amounts to fixing 
the brane positions. Thus, if we assume that the branes are fixed at y = 0 and y = 7r, respectively, and 
impose the boundary condition that h^(y = 0,x) = g MJ/ , then we have 

C^ix) = (£ 2 / 2) [iV - (1/6 )g^R] + {i/2) Xli v(x). (18) 


Thus, in this particular situation with the above boundary condition, we obtain the first-order correction 
as 

ftiAy,x) = h (l - - ^g^Rj + ^ XmAx). (19) 

Note that this matches exactly with the one obtained in [22]. However, in this work we want to keep 
the brane positions variable; thus we will work with Eq. (17), which differs from the choice in [22]. 
Having obtained the metric with the first-order correction term included, we now proceed to calculate 
the second-order correction in greater detail. 


2.2 Second Order 

At second order the bulk equations contain a single power of second-order objects, double power of 
first-order objects, and so on. For example, at second order our expression would include only E^ 1 ^, but 
we can have terms like Ari^E/ 1 ^. Thus at second order the bulk equations Eqs. (4)-(6) reduce to the 
following forms [21-24]: 


dyT.Wv _ -s/ 2 ^ = - ( R^v - ^R {2) 8^ ) + AT (1 )Edh* 


K& = £ 
6 


-- (T (1) ) + E< 1) “sW' 3 + i? (2) 

dyK (2) - ^A' (2) = i (a : (1) ) 2 + E< 1) ' , E{ l 1)l '. 


( 20 ) 

( 21 ) 

( 22 ) 


In order to obtain the Ricci tensor and scalar at second order we should use the metric corrected up 
to the first order, i.e., the result provided in Eq. (17). Thus, in the second order we have the following 
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expression: 


R 


L 2) “ - i<52-R (2) = S 


T RZ l M - IrRS - \s a R (Rt:R" - Ir 2 


2a 4 L ^ 


6 


6 


- \ (\7pR m + - ^UR 

i 


2 a 6 
1 

H—o 


1 


i^^pxT + -v,v“x£ - ^ 


2 

1 

4a 8 . 


12 

a. u 


i 


x a Xp-j^x„ 


a 2 L2 


iv u v«c^“ + iv u v“c^ - - inc? + icM 


^2 w /3 


1«, 

“4^ 


C^C UV + V u S7 a C^ a - DCft 


(23) 


In order to arrive at the above expression we have used the following result that at second order the 
curvature tensor can be obtained in the local inertial frame and can be written in terms of derivatives of 
the metric. In the local inertial frame this amounts to 5Rp = (1/2)[V pSg^ 1 * + S/ ^S/ a 5g^ — V p\7 a 5gV — 
□<5tfg]. Using 8g^ v = f^ v from Eq. (17), we readily obtain most of the terms in the above expression and 
others come from quadratic combinations. From Eq. (23) we arrive at the expression for Ricci scalar at 
second order as 

R{2) = & ( R Z R Z - l R *) + i (r^ CflV + ' DC m) • (24) 

Note that our expression is different from the one obtained in [22], because in [22] the fixed brane 
assumption was invoked. As we are interested in the factorizability of the metric ansatz, we have kept 
the brane positions arbitrary. 

Now using Eq. (21) with the help of the Ricci scalar at second order and E[) at first order, the trace 
of the extrinsic curvature at second order turns out to be 

( K(1) ) 2 + 4 1)aS a )f3 + fl(2) 

=&> { r > r ° - H + •Sk'*- + - ac 2) • < 25 > 



The traceless part of the extrinsic curvature can be obtained by integrating Eq. (20) over the extra 
coordinate, which leads to the following expression: 


j-i(2)q: _ i y 


2a 4 0 4a 6 L2 




16a 8 L 


1 


X a X 0 -j5^ X „ 


+ 


2a 2 

_ 1a q 
4 d0 




+ S7^ a c» a - nc^ 


£ 3 

+ -4 t%(x), 


where for convenience we have defined a second-rank tensor S a p as [21-24] 


Sap = Ra/iRa - ~ RR a p - -79aP R^R^ ~ ~R 


— 2 (y^pR^a + + —VaS/pR + — OR a p — —g a p\3R 


(26) 


(27) 
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Note that the tensor S fw is transverse and traceless along with all the other terms containing xt and 
Cjf, thanks to Eq. (15). In the expression for E^ 2 ^, is an arbitrary integration constant, just like Xu 
in the first order. This tensor satisfies the following properties: 


t a = 0 

L at 


= 0. 


(28) 


The traceless nature of t^ follows from the fact that E^, 2 ^ is also traceless. Then, we can obtain the 
extrinsic curvature at second order as K^ a = E^ Q + (l/4)<5(jA'( 2 ). Thus the second-order correction 
to hy. v can be obtained from the differential equation, 


,(2) _ Py 


£ 3 


e 


r,dyh a B ~ 2” 4 ^ a/3 + ■Jo„4^“/ 3 ( a R 


32a 4 ^ 


[XaiiXp ~ X^ 


^ a 6 2 ^M^aX/3 c^XaP 

2^2 \^,XpC» + iv„v a c£ - - ±nc aP + \ 2 c a ^ 

1 


7.9a/3 


:9ap 


- □<?£ 


5£ „„ £ 

rX M X ^ + 


1 




’L24a 8/ 

This expression can be integrated to obtain the second-order correction to the metric as 

'e 3 y £ 4 \ „ £ 4 . , x £ 4 


Qafi — 


4a 4 16a 4 ^ ^ 4 VW 


2a 4 ' 


64a 4 


g P , v (R a pR a0 - ^i? 2 ) + B^(x) 


£ 3 


^PXct + y^Xa 


64a 8 L 


Xol/iX^b 


1 


12a 6 L2 ' p ' ' 2 ' p ' 2 

- \v a V p C» - + lc au c% 


9afiX^ X/it' 


2a 2 

1 

~i 9a P 

1 

T9a/3 


4 


- nc£ 

5£ 2 „„ £ 2 

X M XV + 


L96a 8 




(29) 


(30) 


We can now add these zeroth-order, first-order and second-order corrections, in order to obtain the 
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expression for h up to second-order as 


h^ = a‘ 


'(y){gnv 


2 a 2 2aA X^{x) + C^ v {x) 


Py ^ \ a , , ~ 

4a 4 16a 4 J ^ 2a 4 j 64a 4 


g„ v (R a pR a0 ~\r 2 )+ b ^(x) 


£ 3 r 1 1 1 I £ 2 r 1 i 

12a® 2^A ’PXa + 2 ^M^aX/3 ~ T^XaP 64a® XaiiXp ~ ~^9aPX^ Xpv 


^V U V 3 C£ + iv p V Q C£ - ^ a VpC» - l -UC aB + ic au c% 
7 9*p f 4^(7^ + V /1 V„C''“' - □<?£ 


2a 2 1.2 M 




\P 
r 5£ 2 


rffa/3 


L96a® rt - + 6a 2 + - DC* 


)D 


(31) 


where B „„ is again a constant of integration. Thus, having obtained the metric h^ u which includes 
corrections up to second order, we now calculate the effective action constructed out of it. 

As an aside, we would like to point out that the same procedure can be applied, in principle, to any 
arbitrary order in this gradient expansion scheme. Below we summarize the key steps of this procedure: 
(i) Given a solution correct up to (n — l)th order in this perturbative scheme, we first need to calculate 
the Ricci tensor R^ and Ricci scalar R lr ^ at the nth order, (ii) Then, we need to use the Ricci scalar 
at nth order and E]g and K at lower orders to obtain K^ n \ (iii) We then have to integrate over the 
extra coordinate the differential equation for E^ in order to get <r a p at nth order, (d) Finally, we have 

(n) 

to construct K a p and integrate over the extra coordinate in order to obtain the metric corrected up to 
nth order. 

It should be noted that second-order corrections were calculated in [22] but with two assumptions: 
(i) the brane positions were fixed and (ii) quadratic terms in xt could be neglected. However, in this 
work, we have kept our analysis completely general by relaxing both the assumptions; i.e., branes are 
not assumed to be fixed and quadratic corrections to Xv an d C” terms are kept. 


3 Effective Action 

In this section we will determine the four-dimensional effective action corrected up to second order in the 
gradient expansion scheme. For that, we need the following pieces: (i) the bulk action Sbuik, (ii) action 
for each of the branes represented by S±, and finally (iii) the Gibbons-Hawking counterterm S gh- Note 
that in [25] the effective action was derived up to first order in the perturbative expansion to validate the 
metric factorizability. However, in this work, we generalize the analysis to second order in the gradient 
expansion scheme with variable brane positions. From the final structure, it becomes clear that the 
metric factorizability should hold at all orders in the gradient expansion scheme. 

In order to determine the effective action we need to evaluate the determinant of h^. For this 
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purpose, we will use Eq. (7) and the following expression for the determinant: 




_ ^ ^OLpiiv 7 Spa 

~ 24 


(Sary + /a 7 4“ Qot 7 ) (.9/36 4“ f{38 4“ Qps) (9tip 4“ //ip 4“ 9. Up) (9va 4“ /licr 4“ Qua) 


— 2 ^ e ^ ^ P (9ot r {9l359p,p9vcr 4 “ ^9/359P-p9^ct 4 “ ^fa.'yfl389p,p9v<j 4 ” ^9oi^9f389p-p9v<j) 


a 
24 
a 8 


c ot.fip,v 8per 


A - FP'yP'V ft fd fl 
ga^9/359p,p9iya 4J/3 ^crypi/C 60 - 7 ^ 1 / 


4$< 


/?7Mi/ 


= - 5 [24 + 24/; + 24<£ + 12 (/£/“ - / M „/'“')] 


= a g 


p2 p4 1 7 «2 

1 - {3R a pR a P - i? 2 ) - -^X^-XT 


6a 2 


16a 4 


- — ( -C U „C^ + V a C"“ - DCff ) + [ C + B + -C 1 - -C anu C» 


6a 2 \P 

where we have used the following identities: 


1 


(32) 


aP[iv _ 
c ^oippu 

-a(3p,v- _ 

^ ^7 ftp-v ^^7 


e a ^ v e 1P p V = -2 (5“^ - <S“^) . 


(33) 

(34) 

(35) 


Then, we obtain 


yJ—Q = \/—h = a 4 y/^g 


6 a 2 ^ 16a 4 


17£ 2 


(3R a0 R<*P - R 2 ) - — 


^2 {-pC^ + v„v a c"“ - nc> 

p4 


= a 4 V~g 

02 


96a 8 ' 

C + B + \c 2 - \c pnu C^ 


1 - 


1 


12a 2 


R- 


32a 4 


3 R a0 R a0 - ^R z ) - 


17£ 2 

192a 8 


1^2 \j2 c ^ + v^VaC"" - □c; 


)H 1 + K- 


x^x 

l 


1/2 


C + 1? + — — ^Cimu 


c^j y 


(36) 


Note that all the terms on the last line in the second bracket do not have an effect on the effective 
action. Then, following [25], we could neglect this term. However, there are two crucial differences 
from the analysis presented in [25]: (i) We have incorporated second-order corrections to the effective 
action, while in [25] only first-order corrections were considered and secondly (b) we have kept both the 
integration constants x^ and in contrast to [25]. 

Having obtained the bulk metric, it is now trivial to calculate the bulk action, with second-order 
correction terms included. For that purpose we substitute the determinant \J—h which includes second- 
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order corrections, to the bulk action. With this factor included in the bulk action we arrive at 


Sbuik = 2^2 / d 5 xV^g 


' 12 


k 2 £ 2 
17£ 2 


I d*x^g[{ (4 - at) - ^ (4 - at) + ^(<4 - <4) ^ 2 ) 


768 \a% 


x^xT - ^ (4 - a 2 -) + V M V a C" a - act 


(37) 


where <j)+ and <f> _ are the respective brane positions defined through Eq. (2). We have defined the warp 
factor a 2 at the position of the branes <p+ and <f>- as at and at, respectively. In order to arrive at the 
second line, we have used the result for bulk Ricci scalar as 72. = —20/£ 2 . The next thing to calculate 
is the action corresponding to the brane tension. For this we require the induced metric on each brane, 
with the following expression: 

(38) 


4/3 (y = 4>±,x)= a± [g a p(x) + f al 3 (<l>±,x) + q a0 (<l>±,x)] + d a <f> ± dp4>±. 

Then, the determinant of the induced metric turns out to have the following expression: 


v/44 = 4V=?[l + —d^±d^± - - —— (ZR a0 R af) - R 2 ) - 


6 a± 


64 

c uv c» v + - act, 


164 

ll/2 


111 2 

964 


- aiy/~g[ 1 + R 

1 


324 


ZR a0 R ap - -R 2 1 - 


■x^x 


iic 

1924 


■X^X H 


-ToC^c^ + - act 




124 \e 

With the help of the above equation, the action on the two branes can be written as 

6 


(39) 


S ±=-F 
= =F 


k 2 £ 

6 


J d A x^/-g± 
I dtxyf^g 


i + \a% (d^ ± d^ ± ) - Ra 2 ± - t - 


9 


192ai X, "' X 




- §4 [j 2 C ^ v + - act 


Then, simple addition of the two actions S + and S_ leads to 


(40) 


S+ + S- = - J dtxy/^g (4 - at) + \ (444^4 - atd^-d^cj)-) - ^R (a% - at) 
f or ~ i) x^ v - y 2 (4 - 4) + v,v Q c- - act 


192 \a 




(41) 
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Finally, we need to calculate the counterterm provided by Gibbons and Hawking. For that we need to 
calculate the extrinsic curvature or, more importantly, its trace. The extrinsic curvature is defined as [25] 


— Tla 


( d 2 x a 


dx b dx c 


(d^J +Tbc d^ de 


where n a is the vector normal to the brane and the required Christoffel symbols are 


(42) 


r'Jll/ — (9^V + fflV + Qfl u) y (dyf^v + d y qy U ) 

= ~7 5 “ + \a aP {dyf a p + d y q a p). 


Then, the extrinsic curvature turns out to be 


= n v 


4 


V^ 1 Vy^i = l = + d y (f)±d v <f>± + ( <?A IV ~\~ ffj,v + q^iu n dyf/j,v n ^yQy,i 


the trace of which has the following expression: 
-4 1 


IC± = n y 

It 


a ± 
fits 


l _ d„(j)±d ll (t>± 


* U<t)± % ' 6 al 


± 84 


- -/G 


l 


-X?uX~ + ^2 I pP^ + - ac* 


24a® uu ± 

The action corresponding to the Gibbon-Hawking counterterm has the expression 

Sgh = J d A x^-g+K + - J (fixsj-g-K- 


d 4 xy/=g j (a% - at) - ^R (a\ - a 2 _) + j (ald M </)+d^(/> + - ald^d^cj)-) 


3 It ( 1 


1 


l + 


- 48 ( - « (4 - 4) ( T2 C, V C^ + - □C'/J 


6 


1 


l 2 


(43) 

(44) 

(45) 


(46) 


(47) 


Thus, substitution of the bulk action, brane tension, and Gibbon-Hawking counterterm leads to the 
complete four-diemnsional effective action, which has the expression 

Stot = Sbuik + S+ + S- + S'gh 

^ d 4 xy/^g (a+ - a 2 _) R + 4 (a+d^+cF't/q. - ald^-d^cj)-) 


2 k 2 


\ 15 , 

( 1 

i \ 

J 8 ’ 

K a + 

a ~ ) 


+ (a 2 + - a 2 _) ( -pC iu ,C' u ’ + V M V a <^ a - DC/) 


(48) 


Note that if we had dropped all the second-order terms we would arrive at the result obtained in [25]. 
However, since we have worked with branes with variable position and kept terms up to second order 
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this provides a direct generalization of the results obtained in [25]. The nice separation of terms into 
extra dimensional part and a brane part shows the validity of the factorizable metric ansatz up to second 
order (it had been shown only up to first order in [25]). Indeed, we could do more from the above action. 
The structure suggests that the third-order terms would be associated with a -2 , the fourth-order terms 
will be connected to a -4 and so on. Thus the nth-order term would be associated with a a -2 !"- 2 ) term. 
These terms would be independent of the part that depends on the brane coordinates. Thus the effective 
action when third-order corrections are incorporated would contain terms like R a/1 R^R® x (a+ 2 — al 2 ) 
and Xpi a + S — al 8 )- All these terms will appear with the extra dimensional part separated from 

the terms dependent on the brane coordinates. Moreover, it should be noted that only the difference 
of the various powers of warp factors between the two branes enters the picture. From this, we could 
conclude that the effective action would be factorizable at all orders and only the difference between 
these moduli fields appears in the effective action. 

In order to understand the effective action in greater detail, we vary the action with respect to gy, v 
with the assumption of a fixed brane; i.e., </>+ and <f> _ are assumed to be independent of . Then, the 
equation of motion in absence of any matter field obtained from arbitrary variation of S'tot with respect 
to turns out to be (neglecting the terms) 

^2 ( a + “ a -) x </>-) {6 RpaRZ - y RR ^ - (^R a 0R afl - 

+ y V,, V„S - 6V q V m I?“ + 3V a V a iV - (3V a VpR a/3 - } 

- S Of - z) { 2xi “ x “ - l^ x “ l>x ‘i>} = °- < 49 > 

However, this equation contains higher-order derivatives of the metric, and it has nonlocal terms origi¬ 
nating from the tensor x^ v ■ I n order to avoid the appearance of any ghost field, these higher derivative 
terms must vanish along with some suitable choice for this field Xu- For the Proper choice of xH, this 
condition yields the following equation: 

2 - 6V„V M .R“ + 3V Q V“fV - (3 \/ a \/ 0 R ap - 2 DR) = 0. (50) 

The interesting aspect of this equation is that the trace part leads to V= 0, which is auto¬ 
matically satisfied by the Bianchi identity. Thus, the action S'tot with Eq. (50) imposed represents a 
higher-order gravity theory. It would be interesting to investigate possible spherically symmetric solu¬ 
tions, solar system tests, and the nature of gravitational waves originating from this action. This is a 
work in progress and will be presented elsewhere. 


4 Equivalence with Scalar-Tensor Gravity 


In first order we have two arbitrary constants, x) and Xij.v{ x \ both of which are independent of 
the extra coordinate, and are dependent on the brane coordinates. Let us exploit these two tensors and 
obtain some simplified results. First, we can use C^ such that = <fi+,x) = 0. This can be seen 

explicitly from Eq. (16), which under the above condition reduces to the following form: 


fnv{y = <!>+, x ) 




l 

2^1 


X/jv( x ) T C^{x) — 0. 


(51) 
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It may be noted that we cannot use x^v 1° set fnv{y = <f>~, x) =0. In order to achieve this, we need the 
arbitrary constant x^ to satisfy 

UAv = ~ g 9 ^ vR ) + 2 (4 “ ^r) = °- (52) 

which cannot be achieved due to the tracelessness of x^„. Thus, rather than working along this line, we 
can impose another (single) boundary condition, = <fi+,x) = a 2 _f^ v {y = <f>-,x). The equation 

satisfied by x^ now turns out to be 


(a+ - a_) C^ 




(53) 


which can always be satisfied by properly choosing the arbitrary tensor C M!/ to be traceless. 

Then, in a similar manner, we can use and B to set a 2 \_q ll ^(y = <j>+,x) = a 2 _q fliy (y = <f>-,x) such 
that (ignoring the arbitrary tensors x^v and C Mi ,) 


x [^4a 2 




16a+ 


/ £ 3 y t 
Way 16a 2 . 


( o„2 r .2 ) 


2a+ 


2a_ 


64a^_ 


64a 2 


9nv ^R a pR a P - t^ r2 ^J - ( a + - a - ) B^(x). 


(54) 


Note that the trace of the left-hand side vanishes. Thus, trace of arbitrary tensor should such that 
the above equation is satisfied. The same argument holds at all orders. Thus, finally we have 


hpv{y = </>+, x) = a 2 (</>+) \g^ + (</>+, x) + q^ (</>+, x) + ...] (55) 

h^ v {y = (j>-,x) = a 2 (</>_) [g^ + fpv {</>-, x) + q (<£_, x) + ...} , (56) 

where we choose arbitrary tensors at each order such that a (</>+, x) = a_f llL/ {</>-, x) and a^q^ (<j> + ,x) 
atq^ (</>_, x). Imposing all these conditions we finally obtain 


{$—■) x) fl (^+, x ), 


fl 2 = a 2 (</>_) /a 2 (</>+) = exp 


2 (</)+ - </>_) 

e 


(57) 


Note that since the branes are not fixed the factor f l depends on brane coordinates. Also II depends only 
on the separation, </>_ — </> + , i.e. on the radion field. Thus we observe that in general for any order in the 
gradient expansion scheme, we can have the relation (57), where metric on the brane located at y = 4>- 
is connected to the metric on the brane located at y = (f>+ by a conformal factor. Thus the Ricci tensor, 
the Ricci scalar and the Einstein tensor in the two branes are related through the following relation: 


R^ = + ^v A ,v,n 2 - ^ v^v.n 2 + ^/z+V a V“Q 2 


R~ = 


1 


i? 4 


H V 1/Z 

- JLv„h 2 v ^ 2 


= GW" + TWO 

= Gt+J" + ^v„™ 2 - - ^V Q V“I1 2 + (50^4V q H 2 V q H 2 , 


(58a) 

(58b) 

(58c) 
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where the object Mi is defined through Eq. (58c). We, therefore, have the following Einstein’s equation 
on the two branes: 


2 v 2 v 


\G^ = L - (<#> + Mi) = 


Thus, we observe 


2_7d+V _ 

\[f v 


1 - V 




= ^ ( G ^ + M t) = G - +)A 


1 - T 
_A/P 

vji y ^ 


where we have defined 4* = 1 — fl 2 . The field equation now leads to the following form: 


<?(+)/* = — 

£ 

- 

£ 

1 

~~ 4> 


_L j4+)m _ 1E 

_L j4+)m _ 1 ~ ^ 




y(—)/* 


1 - vlf 

+-*-^ 


(V M V„T - ^V“V a T) + 




- -<J£V a *V a tf 


(59a) 

(59b) 


(60) 


(61) 


where we have introduced a new function, w(\I/) = 34'/2(l — 4/). Again eliminating from Eqs. (59a) 

and (59b) with the contraction of the indices, we arrive at 


+ 2a; + 3 V a W Q ^ = ---— (t^ - T^) 

3 £ 2w + 3 V ^ ^ J 


(62) 


Note that the field equation for gravity given in Eq. (61) and the field equation for T provided by Eq. (62) 
hold for any order in the gradient expansion scheme. Thus, the field equation for T, equivalently, for the 
radion field, is determined by the trace of the stress energy tensor at both branes. The remarkable thing 
about these field equations are that they hold for all orders in the perturbation scheme and is equivalent 
to Brans-Dicke field equations for gravity. 

In order to make the circle complete let us write down the effective equation entirely in terms of Q. 
For that we note the following identities, 


d a n 2 = n 2 - (d a ^ + - d a ^_) 

4H 4 r 


d a n 2 d a n 2 = — 


(■ d a <t>+) +(d a <t>-) - 2 d a (t>-d a 4> + 


(/>+-(/)- = -\nn . 


(63) 

(64) 

(65) 


However, in order to get a clear picture we set (f>+ = constant, such that a? + = 1. Thus, up to second 
order, the effective equation turns out to have the following form from Eq. (48): 


S tn , = 


£ 

2k? 


£ 

2k? 


3£ 5 


d\J—g (1 - fl 2 ) R — —d^d^n 2 - — lnfi 2 ( R a p Ri - -R 


64 


d A Xy/^g 


4'A- 




3£ 5 


- — In fl 2 ( R%Ri - -R 


64 


( 66 ) 
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which resembles the action for Brans-Dicke theory of gravity. Thus, even at the level of the effective 
action the bulk-brane system is equivalent to Brans-Dicke or scalar-tensor theories of gravity. 

We should stress that in [23] the equivalence with Brans-Dicke theory was shown for first order in 
the gradient expansion scheme. In this work we have shown explicitly that the effective action with 
second-order corrections included resembles the Brans-Dicke theory of gravity. However, our argument 
uses arbitrary tensors at each order and, thus, holds for any order in the gradient expansion scheme. 
Therefore, the resemblance of brane world model with the Brans-Dicke theory of gravity holds at all 
orders in the gradient expansion scheme. 


5 Discussion 

In this work, our main aim was to address two important aspects related to brane world models. First, 
the issue of factorizability of the metric ansatz, and second, the equivalence of Brans-Dicke theory with 
this brane world model. Previous steps in these directions were taken in [21-25]. Our work, however, 
generalizes their results and relaxes most their assumptions. The key results in our analysis, which differ 
significantly from those presented in earlier attempts, can be summarized as follows: 

• In [22] the second-order corrections in the gradient expansion scheme were calculated however 
with two assumptions: (a) branes are located at fixed positions and (b) higher order terms of the 
arbitrary tensors can be neglected. In this work we have generalized the previous result to second 
order in the gradient expansion scheme, by deriving the second order correction to the bulk metric 
by relaxing both these assumptions. We have taken the brane position to be variable and have 
included all the corrections originating from the arbitrary tensors in our calculation. 

• From our work it turns out that the effective action gets factorized into the extra dimension or 
radion part and brane part even when the second order corrections are included (this generalizes 
previous results derived only up to first order [25]). Also by generalizing our result we can argue 
that factorizability is a valid assumption upto all order in this perturbative expansion scheme. 

• Non-local factors originating from the bulk field equations can be used to express the gravitational 
field equation on the brane in terms of the radion field and bulk metric. This has been done earlier 
in [23] however with only the first order corrections to the effective equation. In this work we 
have incorporated the second order corrections and have devised a generic way which can easily be 
extended to any orders in the gradient expansion scheme. 

• Through this work we can conclude that the two brane system is equivalent to Brans-Dicke theory 
as far as the effective description is considered and this is true for all orders in the perturbative 
gradient expansion valid at low energies. 

Hence our work shows that metric factorizability is a valid assumption in all orders of the perturbation 
theory with the ratio of four dimensional curvature to the five dimensional one as a perturbative pa¬ 
rameter. Secondly, we were able to show that brane world model is equivalent to Brans-Dicke theory of 
gravity. This is also true in all orders of the perturbative expansion. Thus we can conclude that metric 
factorizability and equivalence of brane word models with Brans-Dicke theory holds in low energy (i.e., 
when brane to bulk curvature ratio is small) to all orders in gradient expansion scheme which generalizes 
all the previous results in this direction. 
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